AD - A 129  403  FORMATION  OF  SINGULARITIES  FOR  A  CONSERVATION  LAW  WITH 

MEMORY  1 U)  WISCONSIN  UNIV-MADISON  MATHEMATICS  RESEARCH 
CENTER  R  MALEK-MADANI  ET  AL .  APR  83  MRC-TSR-2501 
UNCLASSIFIED  DAAG29-80-C-004 1  F/G  12/1 


MRC  Technical  Sumary  Report  #2501 


FORMATION  OF  SINGULARITIES  FOR  A 
CONSERVATION  LAW  WITH  MEMORY 


Rasa  Malek-Madani  and  John  A.  Nohel 


AD  A129403 


Mathematics  Research  Center 
University  of  Wisconsin—Madison 
610  Walnut  Street 
Madison.  Wisconsin  53706 

April  1983 

(Received  March  28,  1983) 


OTIC  FILE  COPY 


Sponsored  by 

U.  8.  Army  Research  Office 
P.  O.  Box  12211 
Research  Triangle  Park 
Worth  Carolina  27709 


Approve#  for  public  roll 
Distribution  unlimited 


83  ne 


67 


DTIC 

Ef-ECTEg 

jun  9  m: 

t 

A 

080 


i*- 


UHZVXR8XTY  OF  WISCOW8IM-MADISOW 
NATHXMATZCS  RXSKARCH  CWTIJt 


FORHATZOW  OF  8XMGULARXTXX8  FOR  A  CON8KRVATION  I AW  WITH  KBMORT 
Mm  Malek-Madani*  and  John  A.  Mohol 

Technical  Summary  Report  *2501 
April  1983 

ABSTRACT 

The  formation  of  singularities  in  smooth  solutions  of  the  model  Cauchy 
problem 

ut  ♦  ♦<u)x  +  a'**(u)x  -  o,  x  8  R,  t  e  to,-) 
u(x,0)  -  uQ(x) 

♦ 

is  Studied.  The  constitutive  functions  ♦  ,♦  i  R  ♦  R  are  smooth,  a  t  R  ♦  R 
is  a  given  mesK>ry  kernel,  subscripts  denote  partial  derivatives,  '  —  d/dt 
and  *  denotes  the  convolution  on  10, t] .  under  physically  reasonable 
assumptions  concerning  the  functions  9,9  and  a  it  is  shown  that  a  Mooth 
solution  u  develops  a  singularity  in  finite  time,  whenever  the  smooth 
datum  uq  becomes  "sufficiently  large"  in  a  precise  sense. 
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SIGNIFICANCE  AND  EXPLANATION 

Problems  arising  in  continuw  mechanics  can  often  be  Modeled  by 
guasilinear  hyperbolic  systems  in  which  the  characteristic  speeds  are  not 
constant.  Such  systems  have  the  property  that  waves  may  be  amplified  and 
solutions  that  were  initially  smooth  may  develop  discontinuities  ( "shocks" )  in 
finite  time.  Of  particular  interest  are  situations  in  which  the  destabilising 
mechanism  arising  from  nonlinear  effects  can  coexist  and  compete  with 
dissipative  effects.  An  interesting  situation  arises  when  the  amplification 
and  dissipative  mechanisms  are  nearly  balanced  and  the  outcome  of  their 
confrontation  cannot  be  predicted  at  the  outset.  Examples  are  provided  by 
guasilinear  second  order  wave  eguations  with  first  order  frictional  damping! 
it  has  been  shown  that  when  the  initial  data  are  sufficiently  smooth  and 
"small"  in  suitable  norms,  classical  solutions  exist  globally  in  time. 

However,  if  the  smooth  initial  data  become  sufficiently  "large”  in  a  precise 
sense,  the  smooth  solution  develops  a  singularity  in  finite  time,  no  matter 
how  smooth  one  takes  the  data.  Thus  the  dissipative  mechanism  is  not 
sufficiently  powerful  to  prevent  the  breaking  of  waves  for  large  enough  data.  . 

V 

A  considerably  subtler  dissipative  mechanism  is  induced  by  memory  effects 
of  elastico-viscous  materials.  Using  energy  methods  Dafermos  and  Nobel  [1] 
have  studied  the  motion  of  a  one-dimensional  homogeneous  viscoelastic  body 
(governed  by  eguations  (1.2),  (1.3)  below).  They  show  that  the  amax>ry  tern  in 
(1.3)  induces  a  weak  dissipative  mechanism  under  physically  reasonable 
constitutive  assumptions,  which,  for  sufficiently  "small"  and  smooth  initial 
displacements  and  velocities,  prevents  the  breaking  of  waves;  indeed,  a  unique 
classical  solution  exists  globally  in  time,  and  the  solution  decays  as 
t  ♦  •.  A  natural  and  open  guestion  (except  in  very  special  cases)  is  whether 
this  weak  dissipative  mechanism  can  also  prevent  the  breaking  of  waves  for 
large  enough  ssnoth  initial  data!  experimental  evidence  suggests  that  it 
cannot. 

In  order  to  gain  a  deeper  understanding  of  this  complex  phenoaMnon  we 
study  the  simpler  model  problem  stated  in  the  abstract,  under  comparable 
constitutive  assumptions  concerning  the  functions  4,4  and  a.  Here  the  weak 
dissipative  mechanism  which  is  Induced  by  the  memory  term  acts  exactly  as  the 
one  for  the  viscoelastic  problem  for  sufficiently  smooth  and  small  data  (cf. 
[8]).  In  this  paper  we  show,  under  physically  reasonably  constitutive 
aasanptions,  that  this  weak  dissipative  mechanism  caggot  overcome  the  shock 
forming  tendency  of  the  nonlinear  Burgers  operator  —  +  4(u)  when  4  is 
convex!  indeed,  a  singularity  develops  in  the  smooth  solution  ?n  finite  time, 
whenever  the  smooth  initial  datum  Ug(x)  has  u' (x)  <  0  and  (-u'(x))  is 
sufficiently  large. 

It  is  possible  to  gain  some  insight  into  the  problem  under  study  by 
considering  the  following  simple  example  without  memory  terms i 


Hie  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MFC,  and  not  with  the  authors  of  this  report. 


tv  ♦  uu  ♦  au  ■  0 
t  x 


(x  e  k)  t 


l 


u(x,0)  »  u0(x) 


in  (0*1)  the  nenory  torn  is  replaced  by  an  where  a  >  0  is  a  constant,  and 
+  (n)  -  n  /2,  is  a  strictly  convex  function  on  ft.  If  Ug  is  snooth 
(C„(ft) ) ,  (0.1)  has  a  unique  classical  solution  n  valid  on  a  nay Inal 

interval  ft  x  (0,T.),  0  <  T.  <  «.  Suppose  the  solution  u  of  (0.1)  exists 

globally  in  t.  Differentiate  (0.1)  with  respect  to  x  obtaining 


u.  +  uu _  +  a  ♦  ou 

tx  xx  x  x 


0  . 


Putting  w  •  ux  and  noting  that  w.  4-  uwx  ia  the  derivative  of  v  along  the 
characteristic  curves  x(t,£)  of  (0.1)  defined  by  the  ODK 


dx 

dt 


u(x(t,£),t),  x(0,f) 


5  , 


m  see  that  w  satisfies  the  ODE 


(0.2) 


+  aw  » 


0, 


w(x,0) 


«0(*) 


9 


d  9  3 

where  r—  ■  rr  ♦  u  r~.  Integration  of  (0.2)  shows 
u£  retains  bounded  for  all  t  >  0  and  the 


along  the  characteristics, 
that  if  «j(x)  >  -a  (x  e  ft),  w  - 
snooth  solution  u  of  (0.1)  exists"globallyi  if,  however,  u'(x)  <  -a  for 


x,  then  w  -  u  ♦  •*»  as 


i  »i«x> 

*  *  i lo* ;  ♦  .•(*) 


i  i.e. ,  the  classical 


solution  u  of  (0.1)  develops  a  singularity  in  the  first  derivatives  in 
finite  tine,  no  natter  how  snooth  the  initial  datua  Ug  is  taken.  This 
elenentary  nethod  does  not,  unfortunately,  extend  to  the  problen  with  nsnory 
terns  under  study,  and  for  this  reason  our  analysis  is  different  and 
necessarily  considerably  nore  technical. 


Nftlak-Nadanl*  and  John  h.  Mahal 


z.  5SSSS25SS&* 

ZB  this  papar  wa  study  tha  Modal  Initial  wains  pcoblaa 


«t  ♦  i<m)x  ♦  a'^ta)^  «  0,  a  •  B,  t  •  (0,-) 


(1.1) 


u(*,0>  -  «„(*)  # 


whara  4,#  ■  R  ♦  M  ara  glwan  loath  ooastitBtlvo  fonotlona,  a  t  B  ♦  ■  la  a  ylaai 
karnal,  subscripts  daaeta  partial  dsrlvativo,  '  ■  d/dt,  and  whara  *  daaotaa  tha 
eonrolotlon  oparatar 

t 

(f*a)(t)  -/  f(t  -  T)»(t)dt  . 

e 

Tha  pool  la  to  invnstlqata  tha  foraatlon  of  slays  larltiaa  la  finita  tlaa  of  claaaloal 
solutions  of  (1.1)  Whoa  tha  dataa  Ug  la  aaooth.  Tha  Motivation  for  studying  aquation 
(1.1)  la  provldad  by  tha  Mora  ee^plax  prohlaM  of  tha  notion  of  a  ona-dlaanalonal 
▼laeoalaatio  body  govarnad  by  tha  aquation 


“tt  -  °a  *  0  ' 


(1.2) 


toqathar  with  appriprlata  initial  and  honoganaous  boundary  conditional  in  (1.2)  tha  atraas 
o  la  ralatad  to  tha  atraln  ^  by  tha  ooastltutivs  ralatlon 


0(0^)  •  ♦(•„)  ♦  J  aMt  -  x)t(u|(a,T))dt 
0 


(1.3) 


Ondar  approprlata  phyaioal  assumptions  ooncarnlnq  and  a.  tha  "nonory"  tarn  in  (1.3) 
induoaa  a  waak  diaaipatlaa  aaohaaion  into  tha  atrnetura  of  tha  aolotiona  of  (1.2).  Zt  has 
boon  shown  (of.  Oafamoa  and  Mohal  (1] )  that  undar  physically  propar  asanqptiona  on 
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a,  ♦  ,  ♦  aad  —  the  initial  data  Ug  and  o1#  tha  liitUMoaliry  nl*a  fnfclai  (1.2) 
ha*  a  only—  global  e*  aolotioa,  if  tha  initial  data  ara  eafflolently  —oath  aad  "—all* 
in  —  appropriate  —hi  no r  sever,  thin  aolotioa  da— ya  in  a  pa— 1—  a— —  aa  t  ♦  •.  1 
alailar  behavior  la  ashihitad  by  tha  aolotioa  a  of  (1.1)  with  a  — tiafyiny  parlodio 
boundary  oonditiona  (of.  Nohal  IB)).  the—  too  raonlta  ara  of  apaclal  intaraat  ain—  when 
aMt)  S  0,  (1.1)  radoo—  to  tha  Bar—  equations,  while  (1.2).  (1.3)  radooa  to  tha 

—ilinaar  —  equation  ott  •  o<o^)x.  for  tha—  prohla—  it  ia  wall  known  (of.  tan  [S] ) 
that  outer  appropriate  eon— rity  a—  — ptiona  —  (  there  ara  smooth  aolotiooa  which 
develop  a  singularity  in  tha  highest  darlwatiw—  in  finite  t(aa<  —  —  ttar  how  — ooth  and 
a— 11  one  chooaea  tha  initial  dat— .  Than  a*  (t)  I  0  indoo—  a  weak  dim ipation  martiaal— 
which  prohibita  the  breaking  of  waves  whan  tha  initial  aaplitoda  of  tha—  wow—  la  a— 11. 

Ihia  paper  considers  tha  natural  q— ati—  of  how  "large"  one  must  ohoo—  tha  aanoth 
initial  dat—  ia  order  that  tha  shock  forming  atroctura  of  (1.1)  wraroa— a  thla 
dissipation.  Indeed,  in  Theorea  2.3  —  show,  and er  —tarel  a—— ptiona  concerning  the 
ooeetitotlTS  fonctions  1,  the  kernel  a.  aad  dat—  Dg,  that  tha  classical 
—Inti—  «  of  (1.1)  develope  a  alnpolarity  in  u^  (and  boa—  also  in  ot)  in  finite 
time  for  smooth  end  sufficiently  "large"  dat—  Ug.  Our  ultimate  objective  ia  to  prove 
such  a  result  for  the  cooplicated  probl—  (1.2),  (1.3),  aad  with  ((  )• 

kpntios  (1.1)  has  a  simpler  structure  than  (1.2)  doe  to  the  fact  that  (1.1)  has  only 
one  f sally  of  * genuinely  nonlinear*  characteristics  and  one  "linearly  days— rata" 
characteristic  d—  to  tha  convolution  term.  Our  approach  aw— 1— a  tha  variation  of  tha 
—Inti—  of  (1.1)  al— y  characteristics  with  tha  aid  of  Maaann  invariant*.  A  similar 
approach  (—dor  active  study)  appears  promising  for  tha  more  oompll— tad  higher  order 
probl—  (1.2),  (1.3)j  this  latter  equation  has  three  families  of  characteristics  (only  two 
era  genuinely  nonlinear) ,  and  thus,  in  general  (1.2),  (1.3)  do—  not  have  tl ama¬ 
in  variants.  Introducing  the  generalised  Mama—  invariants  (ef.  John  (4])  there  ia  reaaoa 
to  —poet  that  much  of  our  a— lysis  can  be  adapted  for  (1.2),  (1.3). 

Borne  experimental  evidence  for  the  breakdown  of  —ooth  solwtio—  of  mo— 1  ay— tip— 
governing  vine— laetic  materials  e—  be  found  In  the  work  of  bordello  [IB) .  In  addition 

-2- 


acm  r Malta  on  the  Iom  of  regularity  in  aolotioM  of  tho  equations  governing  vleooalaotic 
fluids,  for  anooth  and  sufficiently  largo  data,  km  bn  an  obtained  by  1— tod  19] ,  nod  foe 
dissipative  bypnrbolie  volterra  prnh)  an  by  dripnnborg  [2]  and  Bsttori  (SI  for  tba  special 
canon  of  <  1.2),  (1.3)  when  9  *  9*  By  Mtbodn  alnilar  to  oom  in  spirit  tbay  alao  annlyon 
tba  bdiaHor  of  aolntiona  along  charaetorlationi  ban  near,  tbay  do  not  stuff  tha 
ganarallnatlon  to  tba  aora  natural  and  aora  difflenlt  aitnatian  in  uhieh  9  *  9* 

In  Boctlon  2  an  atata  and  diaeoaa  our  asseqttions  and  tba  main  raaolt »  ita  proof  la 
praaantad  in  Saotion  3.  In  Saction  4  we  prove  too  auxiliary  raaalta  in  tba  proof.  So 
thank  oar  collesgoM,  particularly  C.  N.  Dsfernos,  «.  Cl assay,  j.  o*  Kin,  and  N.  assured 
for  halpfol  diaeoaa ions. 

2.  AgaoMPTiows  mid  srxTiMMrra  or  ntavt. 

•tho  baaic  constitutive  assertion  ooooarning  9  ia 

9  6  c2(*J  and  9*C)  >  0,  9“(»>  >  0,  9(0)  -  0  .  (2.1) 

Tha  constitutive  aaawption  conooming  9  is 

9  d  c2(S)  and  9'(» )  >  0,  9(0)  -  0  .  (2.2) 

in  addition,  wa  uana  that  9  and  9  ara  ralatad  aa  follows,  There  axiata  a  ooaatant 
0  >  0  aoch  that 

0  <  9f(u)  <  09*<u),  «•>.  (2.3) 

Obviously,  (2.3)  la  nora  restriction  than  tba  aaamption  9'(0)  >  a(0)9'(0)  (l.a.  (2.3) 

at  u  -  0  with  0  «  a(0)  ')  which  was  sufficient  for  tba  analysia  of  global  solutions  of 
(1.2),  (1.3)  in  (1]  for  anooth  and  sufficiently  snail  data,  ftsemptlon  (2.3)  sinplifias 
our  relatively  technical  analysis  of  tha  development  of  singularities  far  solutions  of 
( 1. 1 )»  in  Us  nark  2.S  below  wa  point  out  how  (2.3)  can  be  relaxed.  Concerning  tha  nanory 
kernel  a  wa  assess  that  it  ia  positive,  decreasing  and  ooovex  in  the  aaasa 

a  g  C2(0,-),  (-1)iall,(t)  >0  (1  -  0,1,2)  ,  (2.4) 

where  tha  strict  inequalities  hold  at  t  *  0.  Finally,  we  sssess  that  tho  dates  Uq 


satisfies 


tha  Cauchy 


observe  that  «Q  •  «2(ft)  lnplles  uQ  4  c'tft). 

mte  ass— pt  ions  which  Include  (2.1),  (2.2),  (2.4),  (2.S)  as  special  oum 
probl—  (1.1)  hu  a  unique  classical  local  sol  at  ion.  For  this  ujcwst  (2.3)  is  act 
used.  Nora  precisely,  tha  following  local  result,  proved  by  an  energy  aethod  coupled  with 
a  contraction  aappiag  arg— eat,  holds  (cf.  Rohel  [ft)). 

Proposition  2.1.  let  a',a-  «  (0,-),  4,4  4c2(ft),  4(0)  -  4(0)  -  0,  4't*)  >  0,  sad  let 

there  exist  a  constant  k  wrt  that  4'(C)  >  «  >  0  (CO  ft),  if  Uq  d  H^(R) , 
there  eaists  T  >  0  and  a  uwicus  eolation  a  4  cNvIO,?))  of  (1.1)  such  that 
u^.Ut,**1^  «  C((0,»liLa(«)). 

ft— ark  2.2.  It  is  also  shown  in  18]  that  the  unions  solution  u  exists  on  a  aaxiaa 1 
Interval  [0,T0)  *  R»  if  Tfl  <  «,  than 

11a  sup  /  (u2(x,t)  ♦  u2(x,t)  ♦  u2(x,t)  +  ujL(x,t)  ♦  u2  (x,t)  ♦  u2  (x,t))dx  “  •. 
t*r"  ft  t  x  rc  ox  xx 

0 

Our  aain  result  is 

Thsor—  2.3.  Let  the  ass— ptlons  (2.1)-(2.S)  be  — tlsfled.  aad  let  >  0  be  given. 

there  exists  — ooth  initial  dat—  Ug  such  that  no  c1-— ooth  solution  u  of  (1.1)  can 

exists  for  x  4  ft  and  t  >  More  precisely,  if  sup  |uQ(x)  |  is  sufficiently  saall, 

xBft 

aad  o*(x)  <  0  with  -inf  u*(x)  is  sufficiently  lares,  then  the  function  uk(x,t)  (and 
0  x8B 

hence  also  (^(x^))  bscoass  negatively  infinite  for  soae  t1  <  T,,  provided  the  eeooth 
solution  u  exists  on  (O.t^ )  x  ft. 

Ren ark  2.4.  While  Ifceor—  2.3  establishes  br—kdown  of  saooth  solutions  of  (1.1)  for 
sufficiently  large  data,  it  does  not  prove  the  develojasent  of  a  shock  front.  W— erlcal 
evidence  for  this  wore  conplex  phenosMmoa  has  been  foond  by  Harkowlch  and  ftenardy  (7)  for 
the  Csochy  probl—  associated  with  (1.2),  (1.3)  in  the  special  case  4  s  4  when  the  saooth 
data  are  taken  sufficiently  large.  Hie  corresponding  analytical  probl—  is  under  active 


1 


Kwgrt  2.S.  Aniw  2.3  holds  if  uraptlsa  (2.3)  is  sstlsflod  only  st  o  -  0.  for,  is 
this  ease  thsro  mists  a  constant  B  >  0  snoh  that  (2.3)  holds  on  the  Interval  In)  <  B, 
and  tits  analysis  of  Motion  3  eaa  bo  nodlflsd  accordingly. 

Mnark  2.».  It  Is  also  clear  fron  ths  proof  (of.  proof  of  Ussa  3.2)  It  tha  exemption 
«J(*0)  <  0  and  -aj(x#)  sofflolontly  larva  holds  at  a  single  point  Kg. 

3.  moor  or  wbpww  2.3. 

Tha  proof  is  by  contradiction.  Assma  that  for  any  tj  >  0  and  for  ovary  datm  Ug 
satisfying  (2.S)  tha  onions  —oath  solution  a  of  (1.1)  exists  tor  (x,t)  •  K  *10,*^)  and 
that  Oglx.t)  and  ot(x,t)  ara  bounded  on  B*tO,Tj).  No  begin  by  transfoming  (1.1)  to 
an  equivalent  ay  at  an.  Lot  a  be  a  snooth  solution  of  (1.1)  on  It  *  10,1^1  and  introduce 
the  dependent  variable  s  by 

t 

ntx.t )-/  a* (t  -  T)t(u(x,t))dT,  (x,t)  •  ■  x(o,T  ]  .  (3.1) 

0 

Bqoatlon  (1.1)  is  then  equivalent  to  the  systan 
at  ♦  ♦<«)„  ♦  «K  •  0 

(x,t)  «  a  «(0.T  ]  ,  (3.2) 

st  -  a'(0)p(a)  ♦  a"*f 

together  with  the  initial  data  n(x,0)  -  Ug(x),  s(x,0)  ■  0.  He  next  introduce 
T 

U  *  {Q,t]  and  tha  aatrleti 

*(S>  “  I*  o  *  *  f-«M0)p(u)  -  a-V  ' 

than  (3.2)  oan  be  written  as  ths  equivalent  qoaslllnear  systan 

Bt  *  *<5)2,  *  5<2#t)  -  o,  g(x,o)  -  tu0(x),ojT  . 

The  2  x  2  aatrlx  A(£)  has  distinct  eigenvalues  ♦,(u)  >  0  and  0.  A  well  known 
tneoreu  of  lax  (B)  guarantees  tha  existence  of  two  linearly  independent  Manana 
invariants  r(a,s)  and  s(u,a).  By  definition  r  and  s  satisfy 


* 


“  # 


(3.3) 


£a  ’  f*  “  # 


«km  £1  tad  £a  arc  the  right  eigenvectors  of  3(0) .  3  simple  oal eolation  show  tint 

£t  •  C1»-4*(u)|*  and  |j  ■  (1,41*.  It  la  than  easy  to  ibw  that 


r(«ii)  *  t  +  ♦(u) 
■(ail)  *  a  . 


(3.4) 


satisfy  (3.3),  and  nor  sorer ,  by  anogtioa  (3.1),  ■  +'(«)  4  4. 

Ns  shall  study  tha  daralopstant  of  a  singularity  la  tha  claaslcal  C1 -solution  a  of 
(1.1)  along  tha  charactarlstlc  x  »  x(t,C)  through  any  point  C  «  3,  dafinad  to  bo  tha 
unique  solution  of  tha  Initial  value  problan 

I*  *  4'(u(x(t,C),t»,  x(4,t)  -  C  .  (3.3) 

3aasnptlon  (2.1)  and  tha  classical  theory  of  OOC  gnarant aa  that  x(t,C)  nxista  for  as  long 
as  tha  C1 -solution  «  of  (1.1)  exists  and  has  u^Cx.t)  (and  hence  also  ut)  bounded, 
ttadar  the  present  hypotheses  x(t,C)  exists  for  0  <  t  <  T1  for  any  (13 

lot  x(t,C)  denote  tha  characteristic  curve  through  (  associated  with  (1.1)  which 
satisfies  (3.3).  the  derivative  of  r  along  this  characteristic  is 

~  *  rt  ♦  ♦•(*>*„  -  *t  ♦  ♦'(«>«*  ♦  ♦  '(«>(*„  ♦  ♦  ,(u)uj{) 

-  xt  ♦  ♦•<u)l-*Mu)ojt  -  nx)  ♦  ♦,(u)lax  ♦  ♦’<0)0^ 


0  «  t  <  T  . 


thus,  we  nay  replace  (3.2)  by  the  system 

S  -  , 

(0  <  t  <  ,  (3.4) 

•t  -  a’(4)*(u)  ♦  a**f (u) 

together  with  the  Initial  data  r(«,s)(x,4)  -  )(«((x)),  e(n,s)(x,4)  *  0,  and  than  by 
(3.4),  e  •  ♦  1  (r  -  s).  It  is  clear  that  As  above  calculations  are  valid  for  as  long  as 


a  is  a  classical  solution  of  (1.1),  i.e.,  for  (x,t)  €  IMQ.Yj).  To  kssp  hs  notation 
s lapis  it  should  bo  undorstood  that  whan  calculating  derivatives  along  a  characteristic 
x  -  x(t,C),  r  "  r(x(t,5 ) »t)  *■  r(u(x(t,D,t),s(x(t,C),t))  and  similarly  for  a. 

To  proceed  with  the  proof  of  Theorem  2.3,  let  v(t,{>  *  x^(t,C),  0  <  t  <  t^.  Vie 

function  v  measures  the  variation  of  two  nearby  characteristics  at  tine  t  with  respect 
to  their  initial  positions  and  plays  a  key  role  in  our  analysis.  When  »  is  different 
from  zero  (1.1)  and  (3.6)  are  equivalent.  Mote  that  v(0,()  «  1  for  any  (  16  Me  will 
show  that  if  |uQ(C)|  is  sufficiently  snail  and  -UglO  is  sufficiently  large,  then 
v(t,C)  approaches  saro  at  a  finite  tine  t,  <  T1#  while  u^(x(t,(>,t)  rsnalns  finite 
and  bounded  away  frost  sero.  Observing  that 

u  (x(t,€),t> 

u<(x(t.C).t)  -  ■*  -  (3.7) 

we  then  obtain  a  contradiction  of  the  assumption  that  ex  remains  bounded  for  all 
t  6  [O.T,] ,  and  the  proof  is  complete. 

Differentiation  of  (3.5)  with  respect  to  C  yields 

♦*(u( x(t ,5 ) ,t)«^ (x(t ,C ) ,t) ,  v(6,C)  -  1,  t«  [0,Tt)  ,  (3.8) 

Since  1(g)  »  r  -  s,  ws  have 


thus 


♦  '  (u)u^  •  r?  *  s^  -  r?  -  » 


^  *  ♦Mu)  ”  ♦Mu)  %T  * 


(3.9) 


From  (3.2)  and  (3.4)  the  derivative  of  u  along  the  characteristic  x  “  x(t,C)  is 


dt"  "•*  " 


so  that 


1  1  £g 

*5  “  ♦*(u)  rC  ♦' (u)  dt  w 

and  (3.S)  takes  the  form 

dv  4*(n)  __  ♦■(ul  ft  ^  , 

dt  ”  1'|«)  rC  pMu)  dt  Tf  T(#'e*  1f  t  *  • 


The  above  equation  is  an  001  for  v  along  charactaristics  having  (♦'(n)) 
integrating  factor.  Thus 


1 


or  equivalently 


♦  (n0<5,)  0  0  I4'(u(x(t,5),t))JZ  4 


r. (x(T,C >,t)4t]  .  (3.10) 


for  t  e  [0,T|] . 

Wo  will  now  uso  tho  following  roault  which  provides  a  bound  for  a.  Independent  of 
uj(5).  Its  proof  is  given  in  Section  4. 

1 -  3.1.  let  the  essuwptlons  of  Iheorew  (2.3)  be  satisfied  end  let  u  be  a  c’-waooth 

solution  of  (1.1)  with  «/  ux,  ufc  bounded  on  ■  * [0,1^1 .  Hi  on  for  any  4  >  0  there 
exists  a  number  n  “  n (4 ,T^ )  >  0  such  that 

sup  |u(x,t)|  <  4,  whensver  sup  |u  (x)|  <  n  .  (3.11) 

IWIO.Tj]  * 


For  a  given  4  >  0  we  choose  u.  and  0  in  accordance  with  Law  3.1.  Since 

♦'(•)  and  ♦*(•)  are  continuous  and  aup  |u(x,t)|  <  4,  assumptions  (2.1),  (2.2), 

WlO,*  ) 

and  (2.3)  iaply  that  there  exists  positive  constants  b^,  i  "  1,...,4  such  that 


«,  <  ♦•(u(x(t,5),t)  <  a2  ,  ♦■(u(x(t,?),t)  >  a3 

.  <  ilieiaitAlilli  <  B 

4  ♦•(u(x(t,C),T))  P 


(3.12) 


for  0  <  t  <  t  <  Tj,  where  0  is  the  a  priori  constant  in  (2.3).  we  note  that  the 
constants  depend  on  4  but  not  on  u^(C). 

To  proceed  with  the  proof  we  shall  also  need  to  estimate  r^  in  (3.10),  as  well  as 
r^  -  Sg  in  (3.9).  For  this  purpose  note  frost  (3.4),  (3.9)  that 

r5(x(0,C),0)  -  ♦Mu0(C)uJ(C)  ((  (  I)  . 
let  C(5)  and  C*  be  defined  by 


C*  m  igp  |C(C)f 

Cea 


(3.13) 


Wa  net*  that  C(C)  ia  poaltlra  ah *nmr  uJ(C)  la  nagatlva.  Wo  will  new  uaa  tha 
following  auxiliary  raaulti  ita  proof  la  glvan  In  Saetlon  4. 

La— «  3.2.  Lot  tha  aaauwotlona  of  to—  3.1  ba  aatlaflad.  Salact  tha  dat—  uq  aueh  that 
uJ(C)  <  0,  and  thara  la  a  point  auch  that  C(C0>  -  C*.  than  thorn  axlata 
0  <  Tj  <  Tft  lndaoandant  of  C*  (hanea  of  u^((0>)«  aueh  that 

-  \  c»  <  rg(x(t,CQ),t)  -  a{(x(t,C0),t)  <  -  §-,  -  *  *{<*<t,e0)*t>  <  “  f"  (3*14> 


for  0  <  t  <  Ta. 

To  aoaplata  tha  proof  uaa  aquation  (3.10)  and  tha  lnoqualltlaa  (3.12),  aa  wall  aa  tha 
lnaquallty  for  r^(x(t,CQ) ,t)  In  (3.14),  to  obtain  tha  aatl— ta 


*(t,C)  < 


♦  •(«(x(t,C0>)) 


(3.15) 


for  0  <  t  <  T_ •  By  (3.12)  ♦  * (a(x(t,C_ ) ) )  la  flnlta  and  boundad  away  tram  saro  for 

2  0  , 

0  <  t  <  Tj.  Than  tha  right  hand  alda  of  (3.15)  baoo— a  aaro  at  tl—  t*  ■ 

Sinca  Tj  ia  indapandont  of  u^(Cg),  wa  now  chooaa  C*  (l.a.  -u^ ( ? Q )  >0)  ao  largo 

(of.  (3.13))  that  tf  <  tJ(  whlla  kaaplng  uQ(?0)  fixed  and  I wQ *^0> I  <  n.  Finally,  by 
(3.9),  (3.12)  and  tha  flrat  lnaquallty  In  (3.14)  Ug(x(t,CQ),t)  ra—  Ina  flnlta  and  boundad 
away  tram  aaro  on  0  <  t  <  fj(  Sanation  (3.7)  than  prowidaa  tha  daairad  contradiction 
(l.a.  Ug  baoo— a  nagatlwaly  Infinite  at  ao—  tl—  tf  <  t*)>  thla  coaplataa  tha  proof  of 
lhaor—  3.2. 


4.  wogw  or  tarn*  3.1  mb  3.2. 

a.  goof  of  Lama  3.1.  it  follows  fro*  (2.3),  (2.4),  (3.4)  and  (3.6)  that 


H  (x(t,C),t)  <  0 |a* (0)1 ( |r(x(t,C ) ,t) |  ♦  |s(x(t,{),t) |) 


♦  0  /  a-(t  -  T){|r(x(t,C),t)|  ♦  |a(x(t,C),T)|]dr 
0 


(4.2) 


a  (x,t)  <  0)a'  (0)  |  ( |r(x,t)  I  |s(x,t)|]  *  0  /  a"(t-T) ( |r(x,t) |  ♦  |s(x,T)|]dr 

0 

for  0  <  t  <  T,.  bat  R( t)  and  S(t)  ba  daflnad  by 

R(t)  -  sop  |r(x,t) I ,  S(t)  -  sop  |a(x,t)|  . 


(4.3) 


Integrating  tha  Inaqoalitlaa  (4.2),  taking  the 
the  definitions  (4.3),  m  obtain 


on  the  right  hand  aide  and  using 


lr(x(t,C)>t)|  «  aop  lr  tC)|  ♦  0|aMO)|  /  [h(T)  ♦  s(T)]dt  ♦ 

0 

t  n 

♦  0  /  /  a-(n  -  t)[k(t)  ♦  s(T)]dtdn 
o  0 


(4.4) 


t  t  n 

|a(x,t)  I  <  0|a'  (0)  |  /  t*(t)  ♦  «(t)Jdr  ♦  0  J  /  a-(n  -  t)[*(t)  ♦  s(T)]drdn 

0  0  0 

for  0  <  t  <  *1#  idler*  rfl(C)  -  r(x(0,C),0)  -  0(uQ(C)),a(x(O,O,O))  -  0.  wa  note  that  the 
right  hand  side  of  (4.4)  is  Independent  of  x  and  (.  Moreover,  fro*  the  aaoothnesa  of 
o,  at,  and  o^,  assoeptlon  (2.1),  and  the  continuous  dependence  of  solutions  of  equation 
(3.5)  on  the  Initial  data,  it  follows  readily  that  for  eaeh  fixed  t,  t  <  Tj ,  there  exiata 
CdK  and  x(t,C)  such  r(x(t,C),t)  *  R(t)  and  s(x(t,{)'t>  -  S(t>  hold,  therefore, 
wa  can  replace  the  left  hand  sides  of  (4.4)  by  K(t)  and  8(t)  respectively. 

Interchanging  the  order  of  integration  in  the  doable  Integrals  in  (4.4)  yields 


10' 


-  'W 

If 

i&Sf 


for  (x,t)  •  1  *  10, T^] .  tti  proof  of  tho  loot  now  follow*  tram  tho  continuity  of  4  and 


4  and  tho  foot  that  4(0)  -  0. 


h.  Proof  of  lw»  3.2.  M  writ*  tho  oyotoa  (3.6)  in  tho  oqui  Talent  f roa 


Jf-  a*  (0)4(u(x(t,C),t))  ♦  /  a"(t-T)4(u(x(t,E),T))dT  , 

0 

(4.12) 

*(x,t)  -/  a*  (t-t  )4(u(x,t ) )dr ,  te  to,T  )  . 

0  1 

Integrating  (4.12)  with  roapoet  to  t,  differentiating  tho  outcoaa  with  roapoet  to  (  and 
owing  (3.9),  w*  obtain 


I 

wir  I 


rc(x(t,C),t)  -  -C(C)  ♦  •'  (0)  /  >  *t >  >  tV*<T,E)'T)  -  »^(*(t ,O.T)]dt 

♦  /  /  ••(*-n>  [rc(x(t,C),n)  -  a{(x(t,t).n))dndt 

(4.13) 

a((x,t)  -/  aMt-r)  J.  Ir^(x,t)  -  *?(x,t))dr  . 


Oof  In*  p  and  o  by 


P(t)  -  aup  |r((x,t)|,  o(t)  -  oup  |a((x,t)| 


(4.14) 


■oxt,  w*  tak*  abooluto  walooa  of  both  aidoa  in  (4.13),  na*  tho  dof tuition*  (4.14)  and 
Inoqoalltioa  (3 .12)  to  obtain  tho  inoqualltlaa 


lr_(x(t,C),t) I  «  c*  ♦  a|a'(0>|  /  (p(T)  ♦  o(T))dT  ♦ 

0 


♦  fl  /  /  a*(T  -  n >[p(n>  ♦  o(n))dndr 
0  0 


(4.15) 


la  (x,t)|  <  a  /  |a* (t  -  T)ltp(T)  ♦  0(T))dT  , 

*  0 


12 


where  C*  la  doflaod  la  (3.13).  Lot  E(t)  •  p(t)  ♦  «(t>.  Ac  la  tha  proof  of  Tin  3.1, 
wa  om  raplaoa  tha  laft  hand  eidaa  of  (4.13)  by  p(«)  and  o(t).  Aftar  elapllfyiag  tba 
first  laaqaallty  la  (4.13)  by  interchanging  tba  ordar  la  tba  doobla  Integral  aad  adding  tba 
two  laaqaalltlaa  (4.13),  wa  ebtala 


t 

t(t)  4  C«  ♦  23  /  (|a'(0)|  ♦  |a* (t  -  T)|)Z(T)dr,  0  4  fc  4  *  .  (4.14) 

0 

Noting  that  aaa  (la'(O)l  ♦  |a*(t  -  t)|)  -  2|a'(0)|  (ef.  (2.4)),  (4.16)  haowaaa 
6<t<t 

t 

E(t)  «  C*  ♦  40|a’(O)|  /  r(T)dt,  0  4  t  4  (4.1?) 


which,  by  tha  Qroawall  ineoaality,  lapllaa  that 


t(t)  4  c*arp(43la*  (0)|t),  0  <  t  <  .  (4.14) 

aa  now  chooaa  tj  <  aaall  anoa^i  ao  that 

t(t)  «  t  «  (0,T*1  .  (4.1*) 

Nota  that  1*  dapands  only  oa  ^(()  aad  a(*),  aad  ^  la  indapandant  C*. 
Xnaqaalltioa  (4.13)  aad  (4.19)  ooabiaa  to  ylald 

U((«.t)|  4  ^3  /  |a'(n)|dn,  0  4  t  4  T*  .  (4.20) 

Mb  farther  raatrlct  T*  to  that 

|^(a,t)|  4^,  0  <  t  4  T*,  i  I  I  .  (4.21) 

Na  obaarva  that  op  to  thia  point  tha  algn  of  aJ(C)  playa  no  cola  and  tha  aatlaataa 
(4.19),  (4.21)  hold  for  any  (  I  !■ 

Wa  aaat  tarn  to  aatlaatlny  r^(»(t,( ) ,t)i  tha  aotlaato  |r^(x(t,() ,t) I  <  ~  C*  tor 
0  4  t  4  T*,  which  followa  trivially  froa  (4.19),  la  too  orada  to  aatabllah 


3.2.  wa 


now  ooloot  tho  teta  ug  and  t  point  CQ  ns  specified  in  the  otst—  not  of  Ioann  3.2.  ft* 
pool  in  to  obtain  a  natation  nppar  bound  for  r^(x(t,C0),t)i  thin  ia  obtalnod  fron  tho 
first  aquation  in  (4.13)  as  follow*.  using  (3.12)  and  aat lasting  tho  two  integrals  on  tha 
rlpht  hand  aids  of  (4.13)  as  in  (4. IS),  (4.16),  and  than  using  (4.19),  wa  obtain  tha 

astiaata 

la* (6) |  /  }."{*}*}{ {{■;}}}!  rc(*(t,C),t)  -  sc(x(t,C),T)|dt 

♦  /  /  *"<T  "  ♦'(o(*U^!n))1  V“(T'C>,n>  -  •c(*(T,e,n)|dndr  (4.22) 

<  3C*S |a’ (0) It  . 

for  0  <  t  <  T*.  Potting  (  ■  ((  ia  (4.13)  and  than  using  (4.22)  giwas 

r,(x(t,C0),t)  <  -C*  ♦  seals' (0)|t,  0  <  t  <  T»  .  (4.23) 

whara  IJ  is  indapondant  of  C*.  then  choosing  0  <  <  T*  snail  anoogh  and 

Independently  of  C*  wa  obtain 

rc(n(t,eQ),t)  <  -  J-.  0  <  t  <  »2  .  (4.24) 

This,  togathar  with  tha  croda  lowar  bound  (-  “  C*)  alraady  aantionad  prows*  tha  sacond 
sat  of  dasirad  inaqualitias  in  (3.14).  ttiasa  ooabinad  with  (4.21)  (which  of  eoursa  holds 
0  <  t  <  T2  <  T«)  yield  tha  first  sat  of  inaqualitias  in  (3.14),  and  tha  proof  of  Ion 
3.2  is  conplata. 
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The  fonsation  of  singularities  in  asooth  solutions  of  the  BK>del  Cauchy 
problse 
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is  a  given  MMory  kernel,  subscripts  denote  partial  derivatives,  *  -  d/dt 
and  *  denotes  the  convolution  on  [0,t] .  Under  physically  reasonable 
assumptions  concerning  the  functions  ♦  and  a  it  is  shown  that  a  saooth 
solution  u  develops  a  singularity  in  finite  ties,  whenever  the  «»oth 
datum  uQ  becomes  "sufficiently  large"  in  a  precise  sense. 


